In this paper we continue our work on Schwartz functions and generalized Schwartz functions on Nash (i.e. smooth semi-algebraic) manifolds. Our first goal is to prove analogs of de-Rham theorem for de-Rham complexes with coefficients in Schwartz functions and generalized Schwartz functions. Using that we compute cohomologies of the Lie algebra g of an algebraic group G with coefficients in the space of generalized Schwartz sections of G-equivariant bundle over a G-transitive variety M . We do it under some assumptions on topological properties of G and M . This computation for the classical case is known as Shapiro lemma.
Introduction
We will use the notions of Schwartz sections and generalized Schwartz sections of Nash (i.e. smooth semi-algebraic) bundles over Nash manifolds introduced in [AG] . These will be reviewed in section 2.
We use the following notations. For a Nash manifold M we denote by S(M ) the space of Schwartz functions on M and by G(M ) the space of generalized Schwartz functions on M . For a Nash vector bundle E → M we denote by S E M the cosheaf of Schwartz sections of E and by G E M the sheaf of generalized Schwartz sections of E. We also denote the global Schwartz sections of E by S(M, E) and global generalized Schwartz sections of E by G(M, E).
Let M be a Nash manifold. We can define the de-Rham complex with coefficients in Schwartz functions
We will prove that its cohomologies are isomorphic to compact support cohomologies of M . Similarly we will define de-Rham complex with coefficients in generalized Schwartz functions
and prove that its cohomologies are isomorphic to cohomologies of M . Moreover, we will prove relative versions of these statements. Let F → M be a locally trivial fibration. We will define Nash vector bundles H i (F → M ) and H i c (F → M ) over M such that their fibers will be equal to the cohomologies of the fibers of F and the compact support cohomologies of the fibers of F in correspondance. We will define relative de-Rham complex of F → M with coefficients in Schwartz functions. We will denote it by DR S (F → M ) and prove that its cohomologies are canonically isomorphic to global Schwartz sections of the bundles H i c (F → M ). Similarly we will define relative de-Rham complex of F → M with coefficients in generalized Schwartz functions and denote it by DR G (F → M ). We will prove that its cohomologies are canonically isomorphic to global generalized Schwartz sections of the bundles H i (F → M ). In particular, if the fiber of F is contractible then the higher cohomologies of the relative de-Rham complex with coefficients in generalized Schwartz functions vanish and the zero cohomology is G(M ). Using this result we will prove the following analog of Shapiro lemma. Theorem 1.0.1 Let G be a contractible linear algebraic group. Let H < G be a contractible subgroup and let M = G/H. Let ρ be a finite dimensional representation of H. Let E → M be the G-equivariant bundle corresponding to ρ. Let h be the Lie algebra of H and g be the Lie algebra of G. Let V be the space of generalized Schwartz sections of E over M . It carries a natural action of G.
Then the cohomologies of g with coefficients in V are isomorphic to the cohomologies of h with coefficients in ρ.
We will need Nash analogs of some known notions and theorems from algebraic topology that we have not found in the literature. They are written in section 2.4.
Structure of the paper
In section 2 we give the necessary preliminaries on Nash manifolds and Schwartz functions and distributions over them.
In subsection 2.1 we introduce basic notions of semi-algebraic geometry from [BCR] , and [Shi] . In particular we formulate the Tarski-Seidenberg principle of quantifier elimination.
In subsection 2.2 we introduce the notion of restricted topological space (from [DK] ) and sheaf theory over it. These notions will be necessary to introduce non-affine Nash manifolds and to formulate the relative de-Rham theorem.
In subsection 2.3 we give basic preliminaries on Nash manifolds from [BCR] , [Shi] and [AG] .
In subsection 2.4 we repeat known notions and theorems from algebraic topology for the Nash case. In particular we formulate Theorem 2.4.16 which says that the restricted topology is equivalent as a Grothendieck topology to the smooth topology on the category of Nash manifolds.
In subsection 2.5 we give the definitions of Schwartz functions and Schwartz distributions on Nash manifolds from [AG] .
In subsection 2.6 we remind some classical facts on nuclear Fréchet spaces and prove that the space of Schwartz functions on a Nash manifold is nuclear.
In section 3 we formulate and prove de-Rham theorem for Schwartz functions on Nash manifolds. Also, we prove its relative version. We need this relative version in the proof of Shapiro Lemma.
In section 4 we formulate and prove a version of Shapiro lemma for Schwartz functions on Nash manifolds.
In section 5 we discuss possible extensions and applications of this work.
In appendix A we prove Theorem 2.4.16 that we discussed above.
Preliminaries
During the whole paper we mean by smooth infinitely differentiable.
Semi-algebraic sets and Tarski-Seidenberg principle
In this subsection we will give some preliminaries on semi-algebraic geometry from [BCR] and [Shi] . Proof. The graph of ν is obtained from the graph of ν −1 by switching the coordinates. 2 One of the main tools in the theory of semi-algebraic spaces is the Tarski-Seidenberg principle of quantifier elimination. Here we will formulate and use a special case of it. We start from the geometric formulation.
Theorem 2.1.5 Let A ⊂ R n be a semi-algebraic subset and p : R n → R n−1 be the standard projection. Then the image p(A) is a semi-algebraic subset of R n−1 .
By induction and a standard graph argument we get the following corollary.
Corollary 2.1.6 An image of a semi-algebraic subset of R n under a semi-algebraic map is semi-algebraic.
Sometimes it is more convenient to use the logical formulation of the Tarski-Seidenberg principle. Informally it says that any set that can be described in semi-algebraic language is semi-algebraic. We will now give the logical formulation and immediately after that define the logical notion used in it.
Theorem 2.1.7 (Tarski-Seidenberg principle) Let Φ be a formula of the language L(R) of ordered fields with parameters in R. Then there exists a quantifier -free formula Ψ of L(R) with the same free variables
For the proof see Proposition 2.2.4 on page 28 of [BCR] . Notation 2.1.9 Let Φ be a formula of L(R) with free variables x 1 , . . . , x n . It defines the set of all points (x 1 , . . . , x n ) in R n that satisfy Φ. We denote this set by S Φ . In short,
Corollary 2.1.10 Let Φ be a formula of L(R). Then S Φ is a semi-algebraic set.
Proof. Let Ψ be a quantifier-free formula equivalent to Φ. The set S Ψ is semi-algebraic since it is a finite union of sets defined by polynomial equalities and inequalities. Hence S Φ is also semi-algebraic since
Proposition 2.1.11 The logical formulation of the Tarski-Seidenberg principle implies the geometric one.
Proof. Let A ⊂ R n be a semi-algebraic subset, and pr : R n → R n−1 the standard projection. Then there exists a formula Φ ∈ L(R) such that A = S Φ . Then pr(A) = S Ψ where
Since Ψ ∈ L(R), the proposition follows now from the previous corollary.
Remark 2.1.12 In fact, it is not difficult to deduce the logical formulation from the geometric one.
Let us now demonstrate how to use the logical formulation of the Tarski-Seidenberg principle.
Corollary 2.1.13 The closure of a semi-algebraic set is semi-algebraic.
Proof. Let A ⊂ R n be a semi-algebraic subset, and let A be its closure. Then A = S Ψ where
Clearly, Ψ ∈ L(R) and hence A is semi-algebraic. 2
Corollary 2.1.14 Images and preimages of semi-algebraic sets under semi-algebraic mappings are semialgebraic. We will also use the following theorem from [BCR] (Proposition 2.4.5).
Theorem 2.1.16 Any semi-algebraic set in R n has a finite number of connected components.
Sheaf theory over restricted topological spaces
The usual notion of topology does not fit semi-algebraic geometry. Therefore we will need a different notion of topology called restricted topology, that was introduced in [DK] . 
is exact. The map res 1 above is defined by res 1 (ξ) = n i=1 res U,Ui (ξ) and the map res 2 by 
Here, the first map is defined by
and the second one by 
Remark 2.2.13 Till the end of this section we will consider only those restricted topological spaces in which any open set is a finite disjoint union of its open connected subsets. In such spaces a locally constant function is a function which is constant on every connected component.
Using this notion, we define constant sheaf in the usual way, i.e. Definition 2.2.14 Let M be a restricted topological space. Let V be a linear space over R. We define constant sheaf over M with coefficients in V by 
Definition 2.2.20 Let F be a cosheaf over a restricted topological space M . We define its dual cosheaf
Remark 2.2.22 The constant sheaf (cosheaf ) is evidently a sheaf (cosheaf ) of algebras, and any sheaf (cosheaf ) has a canonical structure of a sheaf (cosheaf ) of modules over the constant sheaf (cosheaf ).

Definition 2.2.23 Let F and G be sheaves (cosheaves). We define F ⊗G to be the sheafification (cosheafification) of the presheaf (precosheaf )
U → F (U ) ⊗ RM (U) G(U ).
Nash manifolds
In this section we define the category of Nash manifolds, following [BCR] , [Shi] and [AG] .
is a smooth (i.e. infinitely differentiable) semi-algebraic function. The ring of R-valued Nash functions on U is denoted by N (U ).
A Nash diffeomorphism is a Nash bijection whose inverse map is also Nash.
As we are going to do semi-algebraic differential geometry, we will need a semi-algebraic version of implicit function theorem.
The proof is written on page 57 of [BCR] (corollary 2.9.8).
Definition 2.3.3 A Nash submanifold of R n is a semi-algebraic subset of R n which is a smooth submanifold .
By the implicit function theorem it is easy to see that this definition is equivalent to the following one, given in [BCR] : For proof see section 2.8 in [BCR] .
Unfortunately, open semi-algebraic sets in R n do not form a topology, since their infinite unions are not always semi-algebraic. This is why we need restricted topology .
Example 2.3.9 Take for M a Nash submanifold of R n , and for
Definition 2.3.10 An affine Nash manifold is an R-space which is isomorphic to an R-space of a closed Nash submanifold of R n . A morphism between two affine Nash manifolds is a morphism of R-spaces between them. Example 2.3.11 Any real nonsingular affine algebraic variety has a natural structure of an affine Nash manifold.
Remark 2.3.12 Let M ⊂ R m and N ⊂ R n be Nash submanifolds. Then a Nash map between them is the same as a morphism of affine Nash manifolds between them.
Let f : M → N be a Nash map. Since an inverse of a semi-algebraic map is semi-algebraic, f is a diffeomorphism if and only if it is an isomorphism of affine Nash manifolds. Therefore we will call such f a Nash diffeomorphism.
In [Shi] there is another but equivalent definition of affine Nash manifold. Definition 2.3.13 An affine C ∞ Nash manifold is an R-space over R which is isomorphic to an R-space of a Nash submanifold of R n .
The equivalence of the definitions follows from the following theorem.
Theorem 2.3.14 Any affine C ∞ Nash manifold is Nash diffeomorphic to a union of finite number of connected components of a real nonsingular affine algebraic variety.
This theorem is an immediate corollary of theorem 8.4.6 in [BCR] and Theorem 2.1.16. Remark 2.3.15 [Shi] usually uses the notion of affine C ω Nash manifold instead of affine C ∞ Nash manifold. The two notions are equivalent by the theorem of Malgrange (see [Mal] or Corollary I.5.7 in [Shi] [Mal] ) saying that any Nash manifold has a natural structure of a real analytic manifold and any Nash map between Nash manifolds is analytic. The proof is also written on page 44 in [Shi] (corollary I.5.7).
Example 2.3.21 Any real nonsingular algebraic variety has a natural structure of a Nash manifold.
Proposition 2.3.22 Any Nash submanifold of the projective space P n is affine.
Proof.
It is enough to show that P n is affine. This is written on page 72 of [BCR] The proof is written on page 49 of [Shi] (Corollary I.5.11). This is a consequence of Hironaka desingularization Theorem [Hir] . It implies the following interesting theorem. The proof is written on page 50 of [Shi] ( theorem I.5.12)
Nash algebraic topology
In this section we repeat known notions and theorems from algebraic topology for the Nash case. Part of them can be found in [BCR] and [Shi] . 
where 
Proposition 2.4.10 Tangent, normal and conormal bundles, the bundle of differential k-forms, the bundle of orientations, the bundle of densities, etc. have canonical structure of Nash bundles.
For proof see e.g. Theorems 3.4.3 and 3.4.4 in [AG] .
Using Hironaka theorem (2.3.25) we will prove the following useful result.
Theorem 2.4.13 Let M be a Nash manifold. Then
For this we will need the following lemma. 
2 Proof of the theorem. Intersection of affine open Nash submnaifolds is affine, hence by Mayer -Vietories long exact sequence (see e.g. [BT] , section I.2) it is enough to prove the theorem for affine Nash manifolds. Note that H 
* and hence is finite dimensional. 2 Now we will give another definition of Nash locally trivial fibration.
Definition 2.4.15 Let f : M → N be a Nash map of Nash manifolds. It is called a Nash locally trivial fibration if there exist a Nash manifold M and surjective submersive Nash map g : M → N such that the base change
h : M × N M → M is trivializable, i.e.
there exists a Nash manifold Z and a
In order to prove that this definition is equivalent to the previous one, it is enough to prove the following theorem. 
Schwartz functions on Nash manifolds
In this section we will review some preliminaries on Schwartz functions on Nash manifolds defined in [AG] .
The Fréchet space S(R n ) of Schwartz functions on R n was defined by Laurant Schwartz to be the space of all smooth functions that decay faster than 1/|x| n for all n. In [AG] we have defined for any Nash manifold M the Fréchet space S(M ) of Schwartz functions on it.
As Schwartz functions cannot be restricted to open subsets, but can be continued by 0 from open subsets, they form a cosheaf rather than a sheaf.
We have defined for any Nash bundle E over M the cosheaf 
Nuclear Fréchet spaces Definition 2.6.1 We call a complex of topological vector spaces admissible if all its differentials have closed images.
We will need the following classical facts from the theory of nuclear Fréchet spaces.
• Let V be a nuclear Fréchet space and W be a closed subspace. Then both W and V /W are nuclear Fréchet spaces.
• Let
be an admissible complex of nuclear Fréchet spaces. Then the complex C * is also admissible and
• Let V be a nuclear Fréchet space. Then the complex C ⊗V is an admissible complex of nuclear Fréchet spaces and
• S(R n ) is a nuclear Fréchet space.
•
A good exposition on nuclear Fréchet spaces can be found in Appendix A in [CHM] .
Corollary 2.6.2 Let M be a Nash manifold and E be a Nash bundle over it. Then S(M, E) is a nuclear Fréchet space.
Proof. By definition of S(M, E) and by Theorem 2.3.26, S(M, E) is a quotient of direct sum of several copies of S(R n ). 2 Corollary 2.6.3 Let M i , i = 1, 2 be Nash manifolds and E i be Nash bundles over M i . Then
where E 1 ⊠ E 2 denotes the exterior product. N has a structure of compact smooth manifold. We build two complexes DR 1 and DR 2 of sheaves on N in the classical topology by DR k 1 (W ) := {ω ∈ C ∞ (W, Ω k )|ω vanishes in a neighborhood of Z} and DR k 2 (W ) = {ω ∈ C ∞ (W, Ω k )|ω vanishes on Z with all its derivatives }. As the differential we take the standard de-Rham differential.
Note that we have a natural embedding of complexes I : DR 1 → DR 2 . Note also that DR 1 (M ) ∼ = DR c (M ) and DR 2 (M ) ∼ = DR S (M ). The theorem follows from the facts that DR i 1,2 are Γ -acyclic sheaves and that I is a quasiisomorphism. Let us prove these two facts now. DR i 1,2 are fine (i.e. have partition of unity), which follows from the classical partition of unity. So, by theorem 5.25 from [War] they are acyclic.
The statement that I is a quasiisomorphism is a local statement, so we will verify that I : DR 1 (W ) → DR 2 (W ) is a quasiisomorphism for small enough W . Since all the intersections in D are normal, it is enough to check it for the case W ∼ = R n and D ∩ W is a union of coordinate hyperplanes. In this case, the proof is technical and all its ideas are taken from classical proof of Poincaré lemma. We will give it now only for completeness and we recommend the reader to skip to the end of the proof. (N −D)∩W splits to a union of connected components of the form R k >0 ×R l . Hence complexes DR 1,2 (W ) split to direct sum of the complexes corresponding to the connected components. Therefore, it is enough to check this statement in the following two cases:
Case 1 is trivial, as DR 1 (W ) = DR 2 (W ) = 0 in this case. Case 2: If k = 0 then I = Id. Otherwise we will show that the cohomologies of both complexes vanish. Clearly H 0 1,2 = 0 since the only constant function which vanishes on D is 0. Now let ω ∈ DR m 1,2 (W ) be a closed form. We can write ω in coordinates dx 1 , ..., dx k+l : ω = ω 1 ∧ dx 1 + ω 2 where neither ω 1 nor ω 2 contain dx 1 . Let f j be the coefficients of ω 1 and define g j (x 1 , ..., x k+l ) = x1 0 f j (t, x 2 , ..., x k+l )dt and let λ be the form with coefficients g j . It is easy to check that dλ = ω and λ ∈ DR 
and the natural map i :
Proof. Let N , D, D i , U and Z be the same as in the proof of Theorem 3.1.1. We again build two complexes DR 1 and DR 2 of sheaves on N in the classical topology by DR k 1 (W ) := k-forms on W − Z with generalized coefficients and DR k 2 (W ) := k-forms with generalized coefficients on W modulo k-forms with generalized coefficients on W supported in Z ∩ W . We have an embedding I : DR 2 ֒→ DR 1 . Again, by classical partition of unity the sheaves are fine and hence acyclic, so it is enough to prove that I is a quasiisomorphism. Again, we check it locally and the only interesting case is
1,2 by setting φ(c) to be the constant generalized function c. It gives us extensions DR 1,2 (W ) of complexes DR 1,2 (W ) and I of I. It is enough to prove that I is a quasiisomorphism. For this we will prove that both complexes are acyclic. Fix standard orientation on N . Now our complexes become dual to
are compactly supported forms which vanish with all their derivatives on W ∩ D. We will prove that C 1,2 are homotopically equivalent to zero and this will give us that DR 1,2 (W ) are also homotopically equivalent to zero and hence are acyclic. The complex C 1 is isomorphic to the following complex C [BT] (Poincaré lemma for compactly supported cohomologies) it is proven that C 1 is homotopy equivalent to zero. In the same way we can prove that C 2 is homotopically equivalent to zero.
2 The following theorem is classical. Proof. Let DR −∞ and DR be the de-Rham complex of M with coefficients in the sheaves of classical generalized functions and smooth functions correspondingly. The sheaves in these complexes are acyclic hence it is enough to show that the natural map I : DR → DR −∞ is a quasiisomorphism. This is proven by a local computation similar to the one in the proof of the last theorem.
2 Definition 3.1.4 Let M be a Nash manifold. We define the twisted bundle of The bottom line of this section is the following version of de-Rham theorem Theorem 3.1.7 Let M be an affine Nash manifold of dimension n. Then
Proof. The theorem is a direct corollary from theorems 3.1.1 3.1.2 3.1.3 for the standard and the twisted cases and from classical Poincaré duality. 2
3.2 Relative de-Rham theorem for Nash locally trivial fibration
Now we can define the relative de-Rham complexes
If E is trivial we will omit it.
The goal of this section is to prove the following theorem.
Theorem 3.2.2 Let p : F → M be a Nash locally trivial fibration. Then
Proof (1) Step 1. Proof for the case M = R n , the fibration F → M is trivial and E is trivial. It follows from Theorem 3.1.7 using subsection 2.6.
Step 2. Proof in the general case. Let C i ⊂ S(F, Ω i,E F →M ) be the subspace of closed forms. We have to construct a continuous onto map
whose kernel is the space of exact forms. Fix a cover M = m k=1 U k such that U k are Nash diffeomorphic to R n and F | U k and E| U k are trivial. Fix a partition of unity 1 = α i such that and for any g ∈ S(F ),
. By the previous step,
It is easy to see that φ satisfies the requirements and does not depend on the choice of U k and α k .
(2) Is proven in the same as (1).
(3) follows from (2) using subsection 2.6.
Shapiro lemma
In this section we formulate and prove a version of Shapiro lemma for generalized Schwartz sections of Nash equivariant bundles.
Definition 4.0.1 Let g be a Lie algebra of dimension n. Let ρ be its representation. Define H i (g, ρ) to be the cohomologies of the complex:
with the differential defined by
where we interpret (g * ) ∧k ⊗ ρ as anti-symmetric ρ-valued k-forms on g.
is the i-th derived functor of the functor ρ → ρ g .
Definition 4.0.3 A Nash group is a group object in the category of Nash manifolds, i.e. a Nash manifold G together with a point e ∈ G and Nash maps m : G × G → G and inv : G → G which satisfy the standard group axioms. A Nash G-manifold is a Nash manifold M together with a Nash map a : a(h, x) ).
A Nash G -equivariant bundle is a Nash vector bundle E over a Nash G-manifold M together with an isomorphism of Nash bundles pr
Definition 4.0.4 Let G be a Nash group and M be a Nash G manifold. We define the quotient space G \ M to be the following R-space. As a set, it is the set theoretical quotient.
Definition 4.0.5 A Nash action of a Nash group G on a Nash manifold M is called strictly simple if it is simple (i.e. all stabilizers are trivial) and G \ M is a separated Nash manifold. 
For this theorem we will need the following lemma.
Lemma 4.0.10 Let G be a Nash group. Let F be a strictly simple Nash G-manifold.
Proof. By partition of unity it is enough to prove for the case that the fibration π : F → M is trivial. In this case we can imbed g into the space of Nash sections of the bundle T F →M → F and its image will generate the space of all Nash sections of T F →M → F over N (F ). This gives us an isomorphism between G(F ) ⊗ g and G(F, T F →M ) and in the same way between (g * ) ∧k ⊗ G(π * E, F ) and G(F, Ω k,E F →M ). It is easy to check that the last isomorphisms form an isomorphism of complexes between DR E G (F → M ) and C(g, G(F, π * E)). 2 Proof of Theorem 4.0.9. From relative de-Rham theorem (3.2.2), we know that the complex DR E G (F → M ) is a resolution of G(M, E) (i.e. all its higher cohomologies vanish and the 0's cohomology is equal to G(M, E)). So it is enough to prove that the representations
. Note that B → Z is a Nash bundle and F → Z is a Nash locally trivial fibration. By the lemma, the complex C(g, G(E ⊠ Ω 
Possible extensions and applications
We believe that it is possible to obtain an alternative proof of de-Rham theorem which will be valid also in non-affine Nash case. That proof goes in the following way. First one should prove for M = R n in the same way as we did. Then one should prove that the cohomologies of a Nash manifold in classical topology are equal to its cohomologies in the restricted topology and to cohomologies of its de-Rham complex with generalized Schwartz coefficients. If M has a finite cover by open semi-algebraic subsets Nash diffeomorphic to R n such that all their intersections are also Nash diffeomorphic to R n then the statement is easy because all these cohomologies are isomorphic to the cohomologies of the Chěch complex of this cover. But in general the intersection of the open sets in the cover can be not Nash diffeomorphic to R n . However we can always construct a hypercover by open semi-algebraic sets Nash diffeomorphic to R n . So one should prove that the Chěch cohomologies of this hypercover are isomorphic to the required cohomologies. For the notion of hypercover see [Del] .
After one proves de-Rham theorem for general Nash manifolds, the relative de-Rham theorem and Shapiro lemma will follow in the same way as in this paper.
It is possible to prove that for any Nash groups H < G, the action of H on G is strictly simple. In fact, for any closed Nash equivalence relation R ⊂ M × M we can build a structure of R-space on M/R. It is easy to see that if the projection pr : R → M isètale then M/R is a Nash manifold. It is left to prove that M/R is Nash manifold in case of any submersive pr. This problem is analogous to the following known theorem in algebraic geometry. Let M be an algebraic variety. Let R ⊂ M × M be a closed algebraic equivalence relation. Suppose that the projection pr : R → M is smooth. Then M/R is an algebraic space. This theorem is proven using the fact that any surjective smooth map has a section locally inètale topology. In our case any surjective submersion has a section locally in restricted topology. So we think that our statement can be proven in the same way.
In the classical case Shapiro lemma has a stronger version which enables to compute cohomologies of g in the case that G and H are not cohomologically trivial. We think that our techniques enable to prove its Schwartz version.
Using Shapiro lemma and [AG] one can estimate
, where M is a Nash G -manifold with finite number of orbits, and E is G-equivariant Nash bundle over M . These cohomologies are important in representation theory since sometimes the space of homomorphisms between two induced representations is H 0 (G, G(M, E)) for certain Nash bundle E → M .
A Proof of Theorem 2.4.16
In this Appendix we prove Theorem 2.4.16. Let us first remind its formulation. 
Proposition A.0.4 Let M and N Nash manifolds and ν : M → N be a Nash submersion. Let L ⊂ N be a Nash submanifold and s : L → M be a section of ν. Then there exist a finite open Nash cover
A.1 Proof of Theorem A.0.2
, f is the standard projection. We fix here a certain well-defined semi-algebraic way to choose a section. One could do it in lots of different ways. For any y ∈ N define F y := p(f −1 (y)) where p : M → [0, 1] is the standard projection. F y ⊂ [0, 1] is a semi-algebraic set, hence a finite union of intervals. Let F y be its closure in the usual topology. Denote s 1 (y) := min F y . Note that s 1 (y) is an end of some interval in F y . Denote this interval by I y . Let s 2 (y) be the center of I y . Now define s(y) := (y, s 2 (y)). By Seidenberg-Tarski theorem s is semi-algebraic, and it is obviously a section of f .
Case 2. M ⊂ N × R, f is the standard projection. We semi-algebraically embed R into [0, 1] using the stereographic projection and reduce this case to the previous one.
Case 3. For M ⊂ N × R n , f is the standard projection. Follows by induction from case 2.
Case 4. General case. Follows from case 3 by considering the graph of f . 2
A.2 Proof of theorem A.0.3
In order to prove this theorem, we will need the following two theorems from [BCR] . The proof is written on page 235 of [BCR] (theorem 9.6.2).
Theorem A.2.2 (Nash stratification) Let M ⊂ R n be a semi-algebraic set. Then it has a finite stratification by Nash manifolds M = · ∪N i .
The proof is written on page 212 of [BCR] (theorem 9.1.8).
Proof of Theorem A.0.3. It easily follows by induction from the last two theorems and the following observation. Let f : M → N be a semi-algebraic map between Nash manifolds. Suppose that the graph Γ f of f is a Nash manifold. Then the set of irregular points of f is exactly the set of critical values of the standard projection p : Γ f → M . 2
A.3 Proof of Proposition A.0.4
Notation A.3.1 Let x ∈ R n , r ∈ R. We denote by B(x, r) the open ball with center x and radius r.
Definition A.3.2 A Nash map e : M → N is calledètale if for any x ∈ M , de x : T x M → T e(x) N is an isomorphism.
We will need a lemma from [AG] (Theorem 3.6.2). Proof of the proposition. Warning: proofs for cases 1 and 2 are technical and boring. The reader will suffer less if he will do them himself. Case 1. The map ν isètale. It is easy to see that p| UV isètale and {U V } V ∈κ gives a finite cover of M . Now this case follows from the previous two ones.
Case 4. General case. It is enough to prove for affine M and N . Now we can replace M by Γ(ν) and reduce to case 3.
2
